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Abstract. We study the behaviour of the lengths of spectral gaps {'yq{n)}n£n in a con- 
tinuous spectrum of the Hill-Schrodinger operators 

S{q)u = -u" + q{x)u, x G M, 

with 1-periodic real-valued distribution potentials 

q{x) = ^ g(fc) e"'^-- e //-^{T), g(fc) = fi^k), k G 
fcgz 

in dependence on the weight oj of the Hormander space (T) 9 g. 
Let /i"(N) be a Hilbert space of weighted sequences. We prove that 

{5(.)}G/."(N)^{7,{-)}eh"(N) 

if a positive, in general non-monotonic, weight u> = {ui{k)}^.^^ satisfies only two following 
conditions: 

■\ 1 ^ ^ ^ 1- ■ flog'^e^) ^ r ^ r loguj{k) 

1) — 1 < fJ.(LLj) = limini < p(llj) = limsup < oo, 

fc->oo logfc k^oa logfc 



ii) p{uj) < 



l + 2/i{uj) if At(a;) G (-1,0], 
^1 + fi(ui) if p{ui) G [0, oo). 

In the case q G L^(T), aj(fc) = (1 -f 2^)", s G Z+, this result is due to Marchenko and 
Ostrovskii (1975). 



1. Introduction 

Let consider on the complex Hilbert space L^(R) the Hill-Schrodinger operators 

(1) S{q)u := -u" + q{x)u, x G R, 
with 1-periodic real-valued potentials 

qix) = J2 q{k)e'''^'''' e M), T := R/Z. 

feGZ 

This means that 

\q{k)\^ < oo and q{k) = q{-k), fc G Z. 

feez 

It is well known that the operators 5(g) are lower semibounded and self-adjoint. Their 
spectra are absolutely continuous and have a zone structure [32]. 

Spectra of the operators S{q), q S L^(T, M), are completely defined by the location of the 
endpoints of spectral gaps {Xo{q), A^(q)}^i, which satisfy the inequalities: 

(2) - < Xo{q) < Ar(g) < X+iq) < X^{q) < A+(g) < • • • . 
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For even/odd numbers n G the endpoints of spectral gaps {Xoiq), ^^(9)}^! are eigenval- 
ues of the periodic/semiperiodic problems on the interval [0, 1]: 

S±{q)u := —u" + q{x)u = Am, 
Dom(S'±(g)) := e H^[Q,l] w^-'Ho) = ±u'^^\l), j = 0, 1 } . 
Interiors of spectral bands (stability or tied zones) 

So(<z) := (Ao((7),Ar(9)), Bn{q) := {\+{q),X-+M), « e N, 
together with the collapsed gaps 

A = A+=A;;, nGN 

are characterized as a locus of those real A G M for which all solutions of the equation 
S{q)u = Xu are bounded. Open spectral gaps (instability or forbidden zones) 

eo((z):=(-oo,Ao(g)), g„(g):=(A-(g),A+(g))^0, n G N 

are a locus of those real A G M for which any nontrivial solution of the equation S{q)u = Xu 
is unbounded. 

We are going to characterize the behaviour of the lengths of spectral gaps 

lq{n) •■= X+{q)- X-{q), nGN 

of the Hill-Schrodinger operators S{q) in terms of the behaviour of the Fourier coefScients 
{q(n)}„gN of the potentials q with respect to appropriate weight spaces, that is by means of 
potential regularity. 

For i^(T, R)-potentials fundamental result in this problem follows from the Marchenko 
and Ostrovskii paper [18] (see also [17]): 

(3) gGif«(T,R)^^(l + 2n)%2(„), sg^^^ 

where ff''(T,K), s G Z_|-, denotes the Sobolev spaces of 1-periodic real- valued functions on 
the circle T. 

To characterize regularity of potentials in the finer way we will use the real Hormander 
spaces 



iJ'^(T,IR) := i / = ^ / (fc)e''=^''^ 
I feez 



f{k) = f{-k), fc G Z, J2'^^ik)\fik)f < 00 i , 
feeN J 

where co{-) is a positive weight. In the case of the Sobolev spaces it is a power one. Such 
definition of the real Hormander spaces on the circle completely corresponds to the theory of 
function spaces on a smooth closed manifold [28, 29]. 

Djakov, Mityagin [6], Poschel [30, 31] extended the Marchenko-Ostrovskii Theorem (3) to 
the general class of weights fl = {fl{k)}k(^f^ satisfying the following conditions: 

i) fl{k) /■ 00, fc G N; (monotonicity) 

ii) fl{k + m) < ^{k)^{m) Vfc,TO G N; (submultiplicity) 

, logn(k) . „ , - , . X 

iii) \ 0, K ^ 00, (subexponentiality). 

For such weights they proved that 

(4) qeH'\T,R)^{jg{-)}Gh^{N). 

Here h^{N) is the Hilbert space of weighted sequences generated by the weight fi(-). 

Earlier Kappeler, Mityagin [13] proved the direct implication in (4) under the only assump- 
tion of submultipHcity. In the special cases of the Abel-Sobolev weights, the Gevrey weights 
and the slowly increasing weights the relationship (4) was established by Kappeler, Mityagin 



HILL'S POTENTIALS IN HORMANDER SPACES 



3 



[12] (=>) and Djakov, Mityagin [4, 5] {<=)■ Detailed exposition of these results is given in the 
survey [6]. It should bo notod that Poscliol [30, 31], Kappolor, Mityagin [12, 13] and Djakov, 
Mityagin [5, 6] studied also the more general case of complex- valued potentials. 
For the power weights 

Ws = {ws{k)}^^j^: Ws{k) := {1 + 2ky , sGM 

it is convenient to use shorter notation 

H'^" (T) = H' (T) , h"^' (N) = h' (N) . 

After the celebrated Kronig and Penney paper [16] the Schrodinger operators with (peri- 
odic) distributions as potentials came into mathematical physics. The following development 
of quantum mechanics stimulated active growth of this branch of science (see the bibliography 
of the monographs [1, 2], which counts several hundreds of physical and mathematical works). 

In this paper we study the Hill-Schrodinger operators S{q) with 1-periodic real-valued 
distribution potentials q from the negative Sobolev space i?~^(T,R): 

(5) q{x) = J2 ?(^)e'''^^'' e H-\T, R). 

feez 

This means that 

^(H-2A;)2^|g(A;)P < 00, s = -1, and q{k) = q{-k), fc e Z. (6^) 

ken 

All pseudo-functions, measures, pseudo-measures and some even more singular distributions 
on the circle satisfy this condition. 

Under the assumption (5) the operators (1) can be weh defined on the complex Hilbert 
space L^(]R) in the fohowing basic ways: 

• as form-sum operators; 

• as quasi-differential operators (minimal operators, maximal operators, the Friedrichs 
extensions of the minimal operators); 

• as hmits of operators with smooth 1-periodic potentials in the norm resolvent sense. 

Equivalence of all these definitions was proved in the paper [22]. 

The Hill-Schrodinger operators S{q), q € i?~^(T, R), are lower semibounded and self- 
adjoint, their spectra are absolutely continuous and have a band and gap structure as in 
the classical case of ^^(T, K)-potentials, [11, 15, 7, 22, 24, 10]. The cndpoints of spectral 
gaps {^Q{q),^n{l)}n'=i satisfy the inequalities (2). For even/odd numbers n G Z+ they are 
eigenvalues of the periodic/semiperiodic problems on the interval [0,1] [22, Theorem C]. 

In the paper [23] we extended the Marchenko-Ostrovskii Theorem (3) to the case of singular 
potentials q G if~^+(T,R). This means that q satisfies (6s) with some s > —1. We proved 
that 

(7) q G H%T, M) ^ {7,(.)} G h^N), s g (-1, oo). 

The case s G (—1,0] was earlier treated in [21, 26]. 

Djakov, Mityagin [8, 9] extended the latter statement to the limiting case s = —1: 

(8) q G H%T, R) ^ {7,(-)} e h'{N), s € [-1, oo), 

under the a priori assumption q G i?~^(T,R). Moreover, they extended the result (4) to the 
case of potentials q G i?~^(T,R) and more general weights: 

n{k) 



(9) q G (T, R) <^ {7g(-)} G ft"* (N), n* := 



l-|-2fc 



where the weights O = {fi(fc)}fegN are supposed to be monotonic, submultiphcative and 
subexponential. 
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2. Main results 

The aim of this paper is to extend the result (8) to a more extensive class of weights, for 
which the conditions of regularity of the weight behaviour may not hold, and to supplement 
the result (9). 

For convenience of formulation of the results we introduce the following definition. 
Definition. Let the set X C fl'-i(T,M). We write u) & M.O{X) if 

gei?'"(T,lR)<^{7g(-)}e/i'^(N) V^eX 

It is easy to see that 

X D r ^ MO(X) c MO(F), 

and 

(3) 4^ e M0(i2(T)), seZ+, 

(4) e M0(l2(t)), 

(8) ^LJs& MO(i?-i(T)), s e [-1, oo), 

(9) <^f2* e MO(fl'-i(T)). 

Further, let us recall that lower order lJi{ijS) and upper order p{ui) of a weight sequence 
u) = {u{k)}keN are defined as follows: 

u = Li(w) := hmmt — ; — , p = pioj) := hmsup — ; — . 

fe^oo log A; fe^oo logfc 

In what follows we will consider only weights satisfying the conditions: 

—1 < p.{w) < p{u) < 00. 

Such weights have not more than a power growth. The following statement is the main result 
of this paper. 

Theorem 1. Let q G H~^{T,M.) and the weight u) = {uj{k)}ken satisfy conditions: 
(10) - 1 < iJ,{uj) < p{bj) < oo, 

\ + 2^iiio) if MMe(-l,0], 
1 + ij,{lo) if p{uj) e [0, oo). 



(11) p(a;) < 



Then uj e M0(i7-i(Tr)). 

Corollary 1.1. Let for the weight uj — {u;(fc)}fegN exist the order 

loga;(fc) , ^ , 

hm f ; ' = s G (-1, oo). 
fe^oo log k 

Then we MO(if-i(T)). 

From Corollary 1.1 we receive the following result. 

Corollary 1.2 (cf. [23]). Let the weight lo = {Lo{k)}ken be a regular varying sequence on 
+0O in the Karamata sense with the index s G (—1, oo). Then lo G MO(i/^^(T)). 

Note that the assumption of Corollary 1.2 holds, for instance, for the weight 

w(/c) = (1 + 2kY (log(l + A:))''i(loglog(l + k)Y^ . . . (loglog. . .log(l + fc))'■^ 

SG (-1,00), {ri,...,rp} CM, p G N, 

see the monographs [3, 33]. 

Theorem 1 extends the statement (8) and Corollary 1.2 to the case of non-regularly varying 
weights. 
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The following Example A shows that statement (9) does not cover Corollary 1.1 and all 
the more Theorem 1. 



Example A. Let s G (— l,oo). Set 

w{k) : 



fc'*log(l + fc) if k€2n, 

if fce(2N-l). 



Then the weight uj = {u){k)}keN satisfies the conditions of Corollary 1.1. But one can prove 
that the weight 

Lu* := {(1 + 2k) Lo{k)}ken 
is not equivalent to any monotonic weight. 

3. Preliminaries 

Here, for convenience, wc define Hilbert spaces of weighted two-sided sequences and for- 
mulate the Convolution Lemma 2. 

For every positive sequence u) = {iv{k)}keN there exists its unique extension on Z which is 
a two-sided sequence satisfying the conditions: 

i) uj{0) = 1; 
ii) uj{-k) = uj{k) Vfc G N; 
iii) Loik) > V/c e Z. 

Let 

/i"(Z) = /i"(Z,C) 
be the Hilbert space of two-sided sequences: 



/i-(Z) ■.= {a = {a(fc)}fcez 



^a;2(fc)|a(fc)|2 < oo 



(a,6)ft.(z) :=^a;2(fc)a(fc)&(fc), a,6G /i"(Z), 
feez 

||a|U-(z) := {a,a)]l^(zy a G /i'^(Z). 
Basic weights which we use are the power ones: 

= {w's(fc)}feez : Ws{k) = {l + 2\k\y, sgR. 
In this case it is convenient to use shorter notations: 

h'^'{Z) = h'{Z), sgM. 
Operation of convolution for two-sided sequences 

a = {a(fc)}fegz and b = {6(fc)}fegz 
is formally defined as follows: 

(a, b) 1-^ a*b, 

{a*b){k):=Y^a{k-j)b{j), fc G Z. 
jez 

SuSicient conditions for the convolution to exist as a continuous map are given by the 
following known lemma, see for example [14, 27]. 
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Lemma 2 (The Convolution Lemma). Let s,r >0, and t < min(s,r), t € M. Ifs+r—t > 1/2 
then the convolution (a, 5) i— > a * 6 is well defined as a continuous map acting in the spaces: 

(a) h'{Z) X h^'iZ) h\Z), 

(b) /i^*(Z) X h%Z) h-'(Z). 

In the case s + r — t < 1/2 this statement fails to hold. 

4. The Proofs 

Basic point of our proof of Theorem 1 is sharp asymptotic formulae for the lengths of 
spectral gaps {7q(?^)}rieN of the Hill-Schrodinger operators S{q). 

Lemma 3. The lengths of spectral gaps {'yq{n)}neri of the Hill- Schro dinger operators S{q) 
with q G iJ''''(T, K), ,s e ( — l,oo), uniformly on the bounded sets of potentials q in the corre- 
sponding Sobolev spaces iJ**(T) for n > no, no = no {\\<i\\h<'{t)) , satisfy the following asymp- 
totic formulae: 

(12) ^gin)=2\qin)\+h'+^'-%n), s>0 if s G {-1,0], 

(13) ^g{n)=2\q{n)\+h'+'{n) if se[0,oo). 

Proof of Lemma 3. The asymptotic estimates (12) were established by the authors in the 
paper [23, Theorem 1] (see also [21, 26]) by method of the isospectral transformation of the 
problem [25, 19, 20, 21, 26]. 

The asymptotic formulae (13) follow from [13, Theorem 1.2] due to the Convolution 
Lemma 2 (see also [13, Appendix]). Indeed, from [13, Theorem 1.2] with q G iJ'*(T,IR), 
s G [0, cx)), we get 

(14) ^(1 + 2n)2(i+«) Lm |7,(n) ± 2^ [q + e){-n){q + Q){n)\\ < C (||g||H»(T)) , 
where 

^ ln-j)(n + j) ' 
jez\{±n} ^ -"^ ■" 

Without losing generality we assume that 

(15) m 0. 

Taking into account that the potentials q are real- valued we have 



q{k) = q{-k), g{k) = g{-k), fc G Z. 
Then from (14) we get the estimates 

(16) bn{q) - 2 \q{n) + e(n)|}„^^ G h'+^{N). 

Further, as by assumption q G H^{T,R), that is {q{k)}hez G /i*(Z), then 



G/ii+"(Z), sG[0,cx)), 



k 

taking into account (15). Applying the Convolution Lemma 2 wo obtain 
( 1 g(n- j)g(n + j) _ 1 sr^ q{2n~j) q{j) 



7r2 (n—j)(n + j) tt^ 2n — j 



(N). 



Finally, from (16) and (17) we get the necessary estimates (13). 

The proof of Lemma 3 is complete. □ 
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Proof of Theorem 1. Let q Q H ^(T, M) and co = {u){k)}kef^ be a given weight satisfying 
the conditions (10) and (11) of Theorem 1. We need to prove the statement 

(18) g e i?'^(T,M) ^ {7,(-)} e /i"(N). 

From formula (10) and definition of the lower and upper orders of a weight sequence we 
conclude that for the given weight lo = {co{k)}kefi the following estimates are fulfilled: 

k^-^ <C uj{k) «: kP+\ -1< /i < p < oo, ^ > 0. 

Hence, the continuous embeddings 



(19) HP+\T) ^ H'^iT) ^ H^'-\l:), 

(20) hP+^{N)^h'^{N)^h''-\n), -l<n<p<oo, S>0 
are valid becouse of 

(21) H'^'iT) ^ H'^^iT), ft'^i(N) h'^^N) if only wi » wa- 



Let q e H'^{T,R), then from (19) we obtain that q G H^'-^{T,R), 5 > 0. Due to arbitrary 
choice of (5 > we may choose it so that: 

IJ.-6>0 if /i>0, 

jji — 5 > —1 otherwise. 

Further, using Lemma 3 we get the following asymptotic formulae for the lengths of spectral 



gaps: 

(22) 7g(n) = 2|g(n)| +/ii+2(^-'5)-'^(n), £ > if - (5 e (-1, 0], 

(23) ^q{n) = 2\q{n)\^h^+''-\n) if ^i- 3 <e[{),oo). 

Now, due to possibility of arbitrary choice of (5 > and e > we may choose them so that: 

(24) l + 2{ii-6)-e> p + 6 if p~6(^{-l,0], 

(25) l + iJL-5> p + 5 if p-5&[Q,oo). 



This choice is possible as (10) and (11) hold. 

Taking into account (24), (25) and using (21), from (22), (23) we get estimates 

^,{n)=2\q{n)\+h''+\n). 

From the latter formula and formula (20) we finally derive 

(26) ^,{n) = 2\q{n)\+h'^{n). 

Hence, as by assumption q G ff'^(T, R), and as consequence {§^(-)} G h^{H), we get {7g(-)} € 
The implication {=>) in (18) has been proved. 

Conversely, let {-iq{-)} G /i'^(N). Then applying (20) we have {7g(-)} G /i^"'^(N), 6 > Q: 

H - 6 > if /i>0, 
pb — 5 > —1 otherwise. 

Now, applying (8) we conclude that q e H^'-\T,R). 
We have already proved the implication 

q G H'^-\T,M.) ^ (26). 

So we have 

jg{n)=2\qin)\+h^{n), 

and hence {q{-)} G /i'^(N), i.e., q G i?"(T,R). 
The implication (<S=) in (18) has been proved. 
The proof of Theorem 1 is complete. 
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